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Abstract—Millimeter wave (mmWave) communication is
considered as a key enabling technology for 5G cellular networks
because abundant spectrum in mmWave bands can provide
multi-gigabit communication service. Analog beamforming archi-
tecture, which employs energy-efficient phase shifters (PSs)
instead of energy-hungry radio frequency (RF) components, has
emerged as a promising solution to overcome severe propaga-
tion loss of mmWave channels. On the other hand, multicast
communication is another efficient approach to address the dra-
matic traffic demand by utilizing the broadcast nature of the
wireless medium. This paper investigates energy efficient analog
beamforming in mmWave single-group multicast communication
systems. We focus on max–min fair (MMF) problem and aim
to design the analog beamformer to maximize the minimum
signal-to-noise ratio (SNR) over all users subject to a transmit
power constraint. The analog beamformer design with infinite
and finite resolution PSs are both studied. While the constraints
of PSs make the problem intractable, we propose an alternative
low-complexity algorithm, which iteratively determines each ele-
ment of analog beamformer. Furthermore, we also investigate the
asymptotically optimal beamformer designs and provide asymp-
totic performance analysis for large-scale mmWave multicasting
systems. Extensive simulation results illustrate the effectiveness of
the proposed analog beamforming designs in mmWave multicast
systems. Besides, numerical results also demonstrate that the
asymptotic performance of the proposed scheme is close to the
optimal case.

Index Terms—Millimeter wave communication, analog beam-
forming, multicasting, energy efficiency, phase shifter.

I. INTRODUCTION

BECAUSE of the substantial traffic growth driven by
emerging applications, such as virtual and augmented

realities, ultra-high definition video, high transmission rate
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has become one of the most important features in the fifth-
generation (5G) and beyond wireless communication systems.
Millimeter wave (mmWave) communication combined with
large-scale antenna arrays is a key technology for 5G mobile
communications because it can dramatically improve the data
rates and achieve enormous transmission capacity [2]–[4].
Meanwhile, another important attribute of 5G systems for real-
world implementation is energy efficiency since green com-
munication has become an irresistible trend [5]. Conventional
full-digital beamforming, which requires large number of
radio frequency (RF chains, will result in high energy
consumption and hardware cost, and is impractical for
mmWave communication systems [6], [7]. Therefore, effi-
cient analog beamforming architectures have been widely
considered for mmWave systems, which can significantly
reduce the energy consumption and cost while maintain-
ing acceptable signal-to-noise ratio (SNR) of transmission
links.

In analog beamforming architectures, a single RF chain
is connected to a large number of energy-efficient and eco-
nomical phase shifters (PSs). The analog beamformers are
implemented at RF domain which can provide sufficient beam-
forming gain for mmWave transmissions [6]. Note that the
power consumed by a PS is at the level of several to tens
of milliwatts, while an RF chain consumes several hundred
milliwatts [7]. Thus, analog beamforming can dramatically
reduce power consumption while generate sufficient beam-
forming gain, and has drawn significant interest in both
industry and academia [8]–[11]. Later on, in an effort to
implement multiplexing/multiuser transmission, analog/digital
hybrid beamforming architecture is proposed, which requires
a few number of RF chains to realize a low-dimension digital
beamformer and combines it with the high-dimension analog
beamformer [12]–[15].

On the other hand, with the proliferation of streaming
media and large-scale software updates, it is expected that
the spectral efficiency of wireless communications can be
improved by serving multiple users simultaneously, which
facilitates the revival of interest in physical layer multicast-
ing [16]. With the aid of multi-antenna techniques, multicast
beamforming can simultaneously deliver common messages
to a group of users, which efficiently addresses the signif-
icant traffic demands as well as saves spectrum resources.
Obviously, combining multicast transmission with mmWave
analog beamforming is becoming an important research trend
to further improve both the energy efficiency and the spectral
efficiency.
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A. Prior Work

Analog and hybrid beamformer designs have been widely
studied in recent years. The major challenge of the ana-
log and hybrid beamformer designs lies in the constant
magnitude constraint of the analog beamformer, which is
imposed by PSs. For the case that PSs have continuous
phase (i.e., infinite resolution), the most popular solution
is to transform the original spectral efficiency maximization
problem to minimizing the Euclidean distance between the
analog/hybrid beamformers and the full-digital unconstrained
beamformer [17]–[19]. Besides, some other successive design
approaches are also proposed to directly maximize the spectral
efficiency [20], [21]. In [22], the authors propose an iterative
algorithm to design the hybrid beamformer, which is shown
to achieve performance very close to the full-digital case.

Though those infinite resolution PSs based analog beam-
former designs can achieve near-optimal performance in
mmWave communication systems, discrete phase (i.e., finite
resolution) PSs are generally employed in practical systems
because low resolution PSs are easier to be realized and more
energy-efficient. For discrete phase analog beamformer design,
a simple approach is to firstly obtain the optimal continuous
phase analog beamformer, and then directly quantize the phase
of each element to a finite set [22]–[24]. In addition, the dis-
crete phase analog beamformer can be obtained by searching
over a pre-designed codebook [8], [9], [25]–[27], or based on
a machine learning approach [28].

While the analog and hybrid beamformer designs for
mmWave point-to-point or downlink multiuser systems have
been intensively studied, hybrid beamforming in mmWave
multicast systems has not been well investigated. The multicast
beamformer designs are generally formulated as i) the quality
of service (QoS) problem which aims at minimizing the trans-
mit power under the prescribed SNR constraint of each user, or
ii) the max-min fair (MMF) problem that attempts to maximize
the minimum SNR of all users under a total power con-
straint. In conventional full-digital beamforming systems, the
multicast beamformer design is usually a non-convex quadrat-
ically constrained quadratic programming (QCQP) problem,
which can be solved by the classic semi-definite relaxation
(SDR) approach [16], [29], or fast algorithms such as suc-
cessive convex approximation (SCA) [30] and alternating
direction method of multipliers (ADMM) [31]. With regard to
hybrid multicast beamforming, the authors in [32] proposed
a beam searching algorithm to determine the analog beam-
former, followed by the traditional SDR method to compute
the digital beamformer. Unfortunately, the proposed beam-
former searching procedure is still of high complexity. In [33],
the hybrid multicast beamforming using two-bit resolution PSs
was considered. While the proposed solution can significantly
reduce the power consumption and hardware complexity, the
performance will degrade when the number of RF chains is
not sufficient large. The authors in [34] proposed to alterna-
tively optimize the analog and digital beamformers based on
concave-convex procedure (CCP), which can achieve the same
performance as SDR-based full-digital case. However, the ana-
log beamformer is assumed to be realized by vector modulator
that can continuously adjust the phase and magnitude of the RF

signals, which seems impractical for mmWave communication
systems.

Overall, the aforementioned beamformer designs are all
based on the hybrid beamforming architectures, which require
multiple energy-intensive RF chains and have relatively high
power consumption. Therefore, pure analog beamforming uti-
lizing only one RF chain, is highly desired for mmWave
multicast communication because of its significant advantage
on energy efficiency.

B. Contributions

In this paper, we investigate the MMF problem in a
single-group mmWave multiple-input single-output (MISO)
multicasting system and aim to design the analog beamformer
to maximize the minimum SNR of all users under a total power
constraint. To the best of our knowledge, the analog beam-
former design for mmWave multicast systems has not been
studied before. The contributions of this paper come from two
aspects.

We consider the analog beamformer design with infinite and
finite resolution PSs, respectively, to maximize the minimum
received SNR among users in mmWave systems. While the
constraints of PSs make the problem intractable, we alter-
natively seek a near-optimal solution with low-complexity
while achieving satisfactory performance. In particular, we
reformulate a sub-optimal objective function and iteratively
determine each element of analog beamformer. It is shown
that our proposed algorithm can achieve close performance to
the full-digital case with low-complexity and enjoys significant
advantage in terms of energy efficiency.

We also study the asymptotic performance of mmWave
multicast beamforming systems with very large-scale antenna
arrays. Note that conventional beamformer designs may be not
feasible in this case since the complexities increase with the
number of antennas, and a fast approach is desired. Based
on the asymptotic characteristic of mmWave channels, we
can easily obtain the closed-form of asymptotically optimal
full-digital beamformer, which is served as the foundation
for analog beamformer design. Then, for the analog beam-
forming systems, we propose a simple asymptotically optimal
design by directly normalizing and quantizing each element
of the asymptotically optimal full-digital beamformer. The
asymptotic performance lower-bounds of the proposed analog
designs are also presented for evaluating the achievable SNR
of mmWave multicasting systems with large-scale antenna
arrays.

C. Organization and Notations

The rest of the paper is organized as follows. Section II
introduces the system model of mmWave multicasting system
and presents the MMF problem formulation. Section III
specifies the proposed analog beamformer designs based on
infinite and finite resolution PSs, respectively. After providing
the asymptotic performance analysis in Section IV, simula-
tion results are shown in Section V. Finally, we draw our
conclusions in Section VI.

The following notations are used throughout this paper.
Boldface lower-case and upper-case letters indicate column
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Fig. 1. A typical mmWave multicast transmission system with analog
transmit beamformer.

vectors and matrices, respectively. (·)∗, (·)T , and (·)H denote
the conjugate, transpose, and conjugate-transpose operations,
respectively. ∠ a denotes the angle of complex number a. E{·}
represents statistical expectation. C and R denote the sets of
complex numbers and real numbers, respectively. |A| is the
cardinality of set A. |a| and ‖a‖ are the magnitude and norm
of a scalar a and vector a, respectively. Finally, we adopt a
MATLAB-like matrix indexing notation: a(i) denotes the i-th
element of vector a.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

We consider a single-group mmWave multicasting system
with analog transmit beamforming at the base station (BS), as
illustrated in Fig. 1. The BS employs Nt antennas and a single
RF chain to simultaneously serve K users. Since implementing
beamforming should be very challenging at the user side due
to high hardware cost and power consumption, we assume
each user is equipped with a single antenna. The transmitted
signal is precoded with an analog beamformer fRF . Because
the analog beamformer fRF is implemented by a PS network,
each element of fRF has a constant amplitude, i.e., |fRF (i)| =√

P
Nt

, ∀i = 1, . . . ,Nt , where P is the total transmitted power.

Let hk ∈ C
Nt×1 denote the mmWave channel vector from the

BS to the k-th user. Then, the received signal at the k-th user
can be expressed as

yk = hHk fRF s + nk , k = 1, . . . ,K , (1)

where s is the transmitted symbol, E{|s |2} = 1, nk ∼

CN (0, σ2k ) is the complex Gaussian noise vector corrupt-
ing the received signal. Then, the SNR of each user can be
expressed as

SNRk =

∣∣hHk fRF

∣∣2
σ2k

, k = 1, . . . ,K . (2)

In this paper, the typical far-field line-of-sight propaga-
tion is considered and the channel vector of the k-th user is
formulated as [25]

hk =
√

Ntαkat (θk ), (3)

where αk is the complex gain of the propagation path (ray)
and θk ∈ [−π

2 ,
π
2 ] is the angle of departure (AoD), which is

assumed to follow uniform distribution. at (θk ) is the beam
steering vector, which only depends on antenna array struc-
tures. When the commonly used uniform linear array (ULA)
is considered, the beam steering vector can be expressed as

at(θk ) =
1√
Nt

[
1, ej

2π
λ d sin(θk ), . . . , ej (Nt−1) 2πλ d sin(θk )

]T
,

(4)

where λ is the signal wavelength, and d is the distance between
antenna elements. In this paper, we assume the knowledge of
hk of each user is known at the BS, which can be obtained
by efficient channel estimation algorithms [7].

B. Max-Min Fair Problem Formulation

In this paper, we aim to design the analog beamformer fRF
that maximizes the minimum received SNR among all users.
The MMF problem is formulated as

max
fRF

min
k

{∣∣hHk fRF

∣∣2
σ2k

}K

k=1

s.t. |fRF (i)| =
√

P

Nt
, i = 1, . . . ,Nt . (5)

The optimization problem (5) is obviously a non-convex NP-
hard problem. A common approach is based on the SDR
method, which relaxes the constant amplitude constraint first
and calculates the optimal unconstrained solution, followed
by a randomization procedure to obtain a good design of ana-
log beamformer. However, this SDR-based analog beamformer
will cause notable performance loss and is not computa-
tionally efficient. In the next section, we turn to seek a
near-optimal analog beamformer design to reduce the com-
plexity while maintaining a satisfactory performance for the
mmWave multicast system.

III. PROPOSED LOW-COMPLEXITY ANALOG

BEAMFORMER DESIGN

In this section, we first focus on the analog beamformer
design problem (5), which is the case that the PSs have infi-
nite resolution (i.e., continuous phase). Then, we will continue
the investigation on the analog beamformer design with finite
resolution PSs (i.e., discrete phase).

A. Analog Beamformer Design With Infinite Resolution PSs

According to the original objective function (5), we propose
a sub-optimal problem reformulation and iteratively refine the
solution of it until convergency is achieved. The main idea
of our proposed algorithm is individually determining each
element of the analog beamformer while assuming the other
elements are fixed to conditionally maximize the minimum
SNR. To be specific, we rewrite the objective function (5) as

max
fRF (i)

min
k

{ ∣
∣
∣h∗k (i)fRF (i)+χk

\i
∣
∣
∣

2

σ2
k

}K

k=1

s.t. |fRF (i)| =
√

P
Nt

, (6)
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where χk
\i �

∑Nt
j �=i h

∗
k (j )fRF (j ), k = 1, . . . ,K , indicates the

beamforming gain excluding the i-th antenna element for the
k-th user. Given a random initialization of the beamformer, the
i-th element of fRF , i = 1, . . . ,Nt is successively designed
based on (6) assuming the term χk

\i is fixed. Therefore, instead
of directly solving problem (5) which is intractable, we suc-
cessively seek the solution to problem (6) for each element of
fRF , and then updated through an iterative procedure until the
convergency is achieved.

Now, we aim to find the optimal design of fRF (i) in (6).
Notice that the design of fRF (i) is equivalent to find the
optimal phase of it. Let φi be the phase of fRF (i), i.e.,

fRF (i) =
√

P
Nt

ejφi . For the purpose of clear description, we
define K SNR functions gk (φi ), k = 1, . . . ,K , for each user
with respect to the phase φi :

g1(φi ) =

∣∣∣h∗1(i)
√

P
Nt

ejφi + χ1
\i
∣∣∣
2

σ21
,

...

gK (φi ) =

∣∣∣h∗K (i)
√

P
Nt

ejφi + χK
\i
∣∣∣
2

σ2K
, (7)

Then, obtaining the optimal value of fRF (i) in problem (6)
is equivalent to finding the optimal phase φ�i , at which the
minimum SNR value min{gk (φ�i )}Kk=1 achieves the largest.
Since every SNR function is a periodic function with period
2π, we only need to calculate the optimal phase in any 2π
interval, and problem (6) is equivalently reformulated as

φ�i = max
φi∈[−π,π]

min
k

{gk (φi )}Kk=1. (8)

In the following, we present a simple searching algorithm to
find the optimal phase φ�i .

We first calculate the achievable maximum SNRk of each
user, denoted as gk (φ

k
i ), k = 1, . . . ,K , and φki is the

optimal phase to maximize corresponding gk (φi ), which is
computed by

φki = ∠χk
\i − ∠

√
P

Nt
h∗k (i), k = 1, . . . ,K . (9)

The user whose maximum SNR is the smallest is picked up:

k̃ = argmin
k

gk

(
φki

)
. (10)

We can obtain that φk̃i is the optimal phase to maximize the

SNR of the k̃ -th user g
k̃
(φi ). If we apply the phase φk̃i to all

users, we can obtain the SNRs of all users, denoted as gk (φ
k̃
i ),

k = 1, . . . ,K . Then, there are two possibilities: g
k̃
(φk̃i ) is the

minimum among gk (φ
k̃
i ), k = 1, . . . ,K , or not. When g

k̃
(φk̃i )

is the minimum, i.e., the k̃ -th user has achieved its largest SNR
g
k̃
(φk̃i ), but this value is still the lowest among all users when

φi = φk̃i , we have the following proposition, whose proof is
provided in Appendix A.

Proposition 1: If g
k̃
(φk̃i ) is the smallest among

gk (φ
k̃
i ), k = 1, . . . ,K , then, φk̃i is the optimal

phase of the i-th antenna element, i.e., φ�i = φk̃i ,

f�RF (i) =
√

P
Nt

ejφ
�
i .

In order to intuitively illustrate the calculation of the optimal
phase, we plot the SNR functions of three users versus phase
φi with φi ∈ [ − π, π], as shown in Fig. 2(a). The optimal
phases φ1i , φ2i , φ3i corresponding to three users are found. We
can see that the third user has the minimum largest SNR. Since
g3(φ

3
i ) is still the smallest among g1(φ

3
i ), g2(φ

3
i ), and g3(φ

3
i ),

φ3i is the optimal phase and φ�i = φ3i .

Proposition 1 indicates that, if we find φk̃i and coincidentally

g
k̃
(φk̃i ) is the minimum value among gk (φ

k̃
i ), k = 1, . . . ,K ,

we can obtain the optimal solution of (6) and the optimal phase
searching procedure completes. Otherwise, the optimal phase
searching procedure continues based on a necessary condi-
tion of the optimal φ�i presented in the following proposition,
whose proof is offered in Appendix B.

Proposition 2: If g
k̃
(φk̃i ) is not the minimum SNR among

gk (φ
k̃
i ), k = 1, . . . ,K , the optimal phase φ�i must be an

intersection point of two SNR functions, i.e., at least two users

exhibit the same SNR value when f�RF (i) =
√

P
Nt

ejφ
�
i .

According to Proposition 2, we only need to find all the
intersection points of SNR functions, and search over these
points to obtain the optimal phase. Because the SNR functions
have period 2π, we can easily find each intersection point by
a bisection based searching procedure. The detailed algorithm
for calculating the intersection points of two SNR functions,
gk1(φi ) and gk2(φi ) for example, is described in Steps 1-3.

Step 1: Let Δφ
(t)
i denote the length of searching interval at

the t-th iteration, and the searching length is initial-
ized as 2π, i.e., Δφ

(0)
i = 2π. Set ε as the minimum

length of searching interval of an intersection point
and ν as the searching accuracy of an intersection.

Step 2: If Δφ
(t)
i ≥ ε, we reduce the length of search-

ing interval by half, i.e., Δφ
(t+1)
i =

Δφ
(t)
i
2 ,

and formulate 2π

Δφ
(t+1)
i

sub-intervals as

[0,Δφ
(t+1)
i ], [Δφ

(t+1)
i , 2Δφ

(t+1)
i ], . . . , [( 2π

Δφ
(t+1)
i

−
1)Δφ

(t+1)
i , 2π]. If Δφ

(t+1)
i < ε, the searching

procedure stops.
Step 3: Plug the borders of each sub-interval into

[gk1(φ
l
i ) − gk2(φ

l
i )][gk1(φ

u
i ) − gk2(φ

u
i )], in which

φli is substituted by each lower border and φui
is substituted by each upper border. If the m-th
interval satisfies [gk1((m−1)Δφ

(t+1)
i )−gk2((m−

1)Δφ
(t+1)
i )][gk1(mΔφ

(t+1)
i )−gk2(mΔφ

(t+1)
i )] <

0, which means there should be one intersection
point in the range of [(m−1)Δφ

(t+1)
i ,mΔφ

(t+1)
i ],

we calculate the intersection phase point based on
bisection method with accuracy ν. Otherwise, go
back to Step 2.

Let set S store all the intersections. Finally, we can find
the optimal phase φ�i by searching over S , and the problem is
presented as

φ�i = max
φi∈S

min
k

{gk (φi )}Kk=1. (11)

Authorized licensed use limited to: The University of British Columbia Library. Downloaded on April 22,2025 at 22:53:58 UTC from IEEE Xplore.  Restrictions apply. 



556 IEEE TRANSACTIONS ON GREEN COMMUNICATIONS AND NETWORKING, VOL. 3, NO. 2, JUNE 2019

(a)

(b)

Fig. 2. Two conditions of the optimal phase φ�i . (a) The optimal phase φ�i is
obtained based on Proposition 1. (b) The optimal phase φ�i is obtained based
on Proposition 2.

We also plot the curves of gk (φi ), k = 1, 2, 3 in Fig. 2(b) to
help better understand the feasibility of Proposition 2. First,
the corresponding optimal phases φ1i , φ2i , φ3i for each user are
calculated. It can be observed that user-2 exhibits the minimum
largest SNR. However, at phase φ2i , g1(φ

2
i ) and g3(φ

2
i ) are

smaller than g2(φ
2
i ) and g2(φ

2
i ) is not the smallest. Under

this situation, the optimal phase φ�i is the intersection point
which results in the largest minimum SNR, as shown in the
figure.

Thus far, the optimal element of fRF can be successively
determined by the above optimal phase searching algorithm.
Note that each element of fRF is updated by finding the best
solution to conditionally optimize (6), if we cannot find a
better solution than the current one, we can at least leave it
unchanged and the objective remains the same, i.e., it does
not decrease. Therefore, the proposed iterative procedure is
monotonically non-decreasing and can converge to at least
a local optimum. Besides, we also simulate the performance

Algorithm 1 Analog Beamformer Design With Infinite
Resolution PSs
Input: hk , k = 1, . . . ,K , fRF = 0.

1: while no convergence do
2: for i = 1 : Nt do
3: Calculate optimal phase φki , k = 1, . . . ,K , of each

user as in (9).
4: Find the user k̃ whose maximum SNR is the smallest

as in (10).
5: Calculate SNR values g1(φ

k̃
i ), . . . , gK (φk̃i ) of all

users at the phase point φk̃i .

6: if g
k̃
(φk̃i ) is the smallest among {gk (φk̃i )}Kk=1 then

7: φ�i = φk̃i .
8: else
9: Find all intersection phase points of any two SNR

functions based on Steps 1-3, and them in S .
10: Obtain the optimal phase φ�i based on (11).
11: end if
12: end for
13: end while
14: f�RF (i) =

√
P
Nt

ejφ
�
i , i = 1, . . . ,Nt .

15: return f�RF .

with different initial beamformers and find that the initializa-
tions will not affect the performance too much. Therefore, we
take all-zeros vector as the initial beamformer. The complete
analog beamformer design with infinite resolution PSs is sum-
marized in Algorithm 1. We can observe from Algorithm 1 that
the computation times of intersection points of each antenna
element is K (K−1)

2 , which is determined by the number of
users. The computational complexity of the proposed algo-
rithm is O(NiterK

2Nt ), where Niter is the total number of
iterations. The complexities of the proposed analog beam-
former designs are linear in the number of transmit antennas,
which are lower than SDR-based analog beamforming with
polynomial complexity.

B. Analog Beamformer Design With Finite Resolution PSs

In order to further reduce the hardware complexity and
power consumption, next we consider the analog beamformer
design with finite resolution PSs. In this case, each element
of fRF is chosen from a finite set, i.e., fRF (i) ∈ F �
{
√

P
Nt

e
j 2πb

2B | b = 1, . . . , 2B}, i = 1, . . . ,Nt , F is the set
of all possible values of each element of analog beamformer
and B is the number of bits to control the phase. The discrete
phase analog beamformer design can be formulated as

max
fRF

min
k

{∣∣hHk fRF

∣∣2
σ2k

}K

k=1

s.t. fRF (i) ∈ F , i = 1, . . . ,Nt . (12)

The optimal solution can be found by exhaustive search, which
has exponential complexity in the number of antennas and is
not computationally efficient. Therefore, we propose a low-
complexity design of the discrete phase analog beamformer
based on an iterative algorithm.
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Following the methodology of the individual design on each
element in Section III-A, we rewrite the objective (12) as

∣∣hHk fRF

∣∣2
σ2k

=

∣∣∣h∗k (i)fRF (i) + χk
\i
∣∣∣2

σ2k
, k = 1, . . . ,K . (13)

Then, the i-th element of the analog beamformer fRF (i) is
selected from the set F assuming the other elements are known
to conditionally maximize the minimum SNR among all users:

max
fRF (i)

min
k

{ ∣
∣
∣h∗k (i)fRF (i)+χk

\i
∣
∣
∣

2

σ2
k

}K

k=1

s.t. fRF (i) ∈ F . (14)

The complexity of solving this problem is O(K |F|).
Implementing this procedure from i = 1 to i = Nt completes
one iteration. Similar to the design of continuous analog beam-
former, the convergence of the discrete analog beamformer
design is also guaranteed. We repeat it until the conver-
gence is found. The complexity of this iterative algorithm is
O(K |F|NtNiter ), in which Niter is the number of iterations
to achieve convergence.

IV. ASYMPTOTICALLY OPTIMAL ANALOG BEAMFORMER

DESIGN AND PERFORMANCE ANALYSIS

Large-scale antenna arrays are usually applied in mmWave
systems to provide sufficient beamforming gain. In this case,
general beamformer designs, such as the algorithms proposed
in the previous section may be not efficient since the complex-
ities increase with the number of transmit antennas. Therefore,
more efficient beamformer designs are desired in large-scale
mmWave multicast systems. In this section, we investigate
the asymptotically optimal analog beamformer designs for the
mmWave multicast systems assuming the number of trans-
mit antennas tends to infinity. Benefiting from the asymptotic
characteristic of mmWave channels, we can fast obtain the
asymptotically optimal design for unconstrained full-digital
beamformer with a closed form, which provides the foun-
dation for analog beamformer design, and its asymptotic
performance is analyzed as the benchmark. Then, a simple
analog beamformer design is proposed, and the performance
lower-bound is also provided for evaluating the achievable
SNR in large-scale mmWave multicast analog beamforming
systems.

A. Asymptotically Optimal Full-Digital Beamforming

For large-scale mmWave multicast systems, the asymp-
totically optimal full-digital beamformer can be efficiently
obtained based on the asymptotic characteristic of mmWave
channels. The mmWave channel vectors from the BS to each
user are modeled as beam steerings, which are asymptotically
orthogonal to each other [35], i.e., when Nt → ∞, the beam
steerings at (θk ) ⊥ at (θl ) for θk 
= θl . Therefore, under the
mmWave communication circumstance whose channels have
strong directionality and are asymptotically orthogonal, the
optimal beamformer is equivalent to generating K orthogo-
nal narrow beams with different powers to fairly serve the
K users. Inspired by [36], we have the following proposition

which provides the structure of asymptotically optimal full-
digital beamformer for mmWave multicast systems. The proof
of it is presented in Appendix C.

Proposition 3: When the number of antennas Nt tends
to infinity, the asymptotically optimal full-digital beamformer
fFD has the form of a linear combination of beam steering
vectors between the BS and different users:

fFD =

∑K
k=1 ξkat (θk )

β
, (15)

where ξk ∈ R, k = 1, . . . ,K , are the weight coefficients
for different beam steering vectors, β is the normalization
factor.

Next, we attempt to find the optimal ξk , k = 1, . . . ,K , and
β in order to construct the optimal beamformer as in (15).
Obviously, the normalization factor β can be calculated as

β =

∥∥∥∑K
k=1 ξkat (θk )

∥∥∥
√
P

, (16)

and the asymptotic behave of β2 is derived as

lim
Nt→∞

β2 = lim
Nt→∞

1

P

(
K∑
k=1

ξkat (θk )

)H K∑
k=1

ξkat (θk )

= lim
Nt→∞

1

P

K∑
k=1

K∑
l=1

ξk ξla
H
t (θk )at (θl )

=
1

P

K∑
k=1

ξ2k . (17)

Then, the asymptotic SNRk of the k-th user is calculated as

lim
Nt→∞

SNRk = lim
Nt→∞

∣∣hHk fFD
∣∣2

σ2k

= lim
Nt→∞

PNt |αk |2
∑K

l=1 ξ
2
l

∣∣∣aHt (θk )
∑K

l=1 ξlat (θl )
∣∣∣2

σ2k

=
E |αk |2ξ2k
σ2k
∑K

l=1 ξ
2
l

, (18)

in which we define E � PNt to indicate a specific value for
an asymptotic system. We assume E is fixed and the power P
is scaled with the number of transmit antennas Nt [36]. Note
that only the ratio among ξ2k , k = 1, . . . ,K , determines the
structure of the full-digital beamformer fFD and the achievable
SNR. The summation

∑K
k=1 ξ

2
k will not effect the structure

of the obtained beamformer since the beamformer will be
scaled by the normalization factor β. Therefore, we assume∑K

k=1 ξ
2
k = 1, and the optimization of ξk , k = 1, . . . ,K , can

be formulated as

max
ξk

min
k

{
E |αk |2ξ2k

σ2k

}K

k=1

s.t.
K∑
k=1

ξ2k = 1. (19)
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The optimal value of ξk , k = 1, . . . ,K , are obtained to make
the SNRs of all users equal [36], which is given by

ξk =

√√√√
1

∑K
l=1

|αk |2σ2
l

|αl |2σ2
k

, k = 1, . . . ,K . (20)

Hence, the asymptotically optimal full-digital beamformer
with the optimal ξk , k = 1, . . . ,K , is represented as

fFD =

K∑
k=1

at (θk )√∑K
l=1

|αk |2σ2
l

|αl |2σ2
k

. (21)

Then, using the full-digital beamformer in (21), the asymptot-
ically SNRFD

k achieved by each user is

lim
Nt→∞

SNRFD
k =

E |αk |2

σ2k
∑K

l=1
|αk |2σ2

l

|αl |2σ2
k

, k = 1, . . . ,K . (22)

B. Asymptotically Optimal Analog Beamforming

Based on the findings of the asymptotically optimal full-
digital beamformer design in the previous section, we then
propose a simple asymptotically optimal analog beamformer
design for both infinite and finite resolution PSs. The asymp-
totic performance lower bounds of the proposed designs are
also derived, which can be used to evaluate the achievable
SNR of large-scale analog beamformers in mmWave multicast
systems.

When infinite resolution PSs are applied, we propose to
directly normalize the magnitude of each element of optimal
full-digital beamformer fFD to obtain the analog beamformer
for large-scale beamforming systems, i.e.,

fRF (i) =

√
P

Nt
ej∠fFD (i), i = 1, . . . ,Nt . (23)

The lower bound of the achievable SNR using this design is
presented in the following lemma, whose proof is shown in
Appendix D.

Lemma 1: When the analog beamformer shown in (23) is
applied, the asymptotically achievable SNRI−PS

k of each user
is bounded as

lim
Nt→∞

SNRI−PS
k ≥ E |αk |2ξ2k

σ2k

∣∣∣∑K
l=1 ξl

∣∣∣2
, k = 1, . . . ,K , (24)

in which ξk , k = 1, . . . ,K , are given by (20).
For the case of finite resolution PSs, we propose to design

the analog beamformer by directly quantizing each element of
fFD to the finite set:

min
fRF (i)

|fRF (i)− fFD (i)|
s.t. fRF (i) ∈ F , i = 1, . . . ,Nt . (25)

The performance lower bound of each user using this design
is presented in the following lemma, whose proof is offered
in Appendix E.

Lemma 2: When B-bit resolution PSs are employed to
implement the analog beamformer, the asymptotically achiev-
able SNRF−PS

k of each user is bounded as

lim
Nt→∞

SNRF−PS
k ≥ E |αk |2ξ2k

σ2k

∣∣∣∑K
l=1 ξl

∣∣∣2
cos2

(
2π

2B+1

)
,

k = 1, . . . ,K , (26)

where ξk , k = 1, . . . ,K , are given by (20).

V. SIMULATION STUDIES

In this section, we provide the simulation results to illus-
trate the performance of the proposed efficient analog beam-
former designs in mmWave multicast systems. We consider a
mmWave multicast system with a BS to simultaneously serve
K = 3 users [13]. The channel gain is set as αk ∼ CN (0, 1).
We assume the communication from the BS to different users
is corrupted by the same noise power, and the variance of
Gaussian noise is set as σ2k = 1, k = 1, . . . ,K , for sim-
plicity [13]. In the following, the simulation results of the
iteratively analog beamformers proposed in Section III are
first presented, then, the asymptotic performance analysis for
large-scale mmWave multicast systems is provided.

A. Simulation Results of the Proposed Analog Beamforming

We assume the BS is equipped with a 64-antenna ULA,
and the antenna spacing at the BS is d = λ

2 . Fig. 3 shows the
minimum SNR among all users as a function of the transmit
power. We present performance results of our proposed ana-
log beamformer designs based on infinite resolution PSs (i.e.,
B = ∞) and finite resolution PSs (i.e., B = 2, B = 3), respec-
tively. The SDR-based full-digital (SDR-FD) beamforming
scheme is plotted as the performance benchmark [16]. Besides,
for comparison purpose, we also generate SDR-based analog
beamformers with continuous phase (FD-C), and with quan-
tized phase (FD-Q) of resolutions B = 2, B = 3, respectively.
We can observe that our proposed algorithms can achieve
satisfactory performances and have significant SNR improve-
ment compared to their competitors. Our proposed analog
beamforming with two-bit resolution PSs can even outperform
the SDR-based analog beamforming with continuous phase
(FD-C). Moreover, we can find that even the users are applied
with single antenna, the BS can still provide sufficient beam-
forming gain which combats mmWave channel loss and offers
satisfactory quality of service to each user. In Fig. 4, we repeat
the same simulation with a 128-ULA and similar conclusions
can be drawn. For our considered systems with common set-
tings, the number of iterations Niter is generally between 2 and
5, which demonstrates the quick convergence of the proposed
algorithms.

The simulation result of minimum SNR as a function of
the number of users K is provided in Fig. 5. We can find
that our proposed analog beamforming designs still outperform
their competitors, and have notable performance advantages.
Besides, it can be seen from Fig. 5 that the minimum
SNR would decrease with increasing K, and our proposed
approaches decline slower than the SDR-based analog beam-
former, which means the proposed approaches are more robust
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Fig. 3. Minimum SNR versus transmit power P (Nt = 64, K = 3).

Fig. 4. Minimum SNR versus transmit power P (Nt = 128, K = 3).

to serving more users. In Fig. 6, we illustrate the minimum
SNR versus the number of transmit antennas Nt . It can be seen
that the minimum SNR among users improves stably with the
increasing number of antennas and the proposed algorithms
can always maintain their favorable performance advantages
with different number of transmit antennas.

In Fig. 7, we turn to investigate the energy efficiency of
mmWave multicast system. In conventional point-to-point or
multiuser downlink systems, the energy efficiency is given by
the ratio of achievable performance (i.e., spectral efficiency or
sum-rate) over the power consumption [14], [17]. However,
for multicast transmission, max-min fair is the design crite-
ria and the minimum SNR is a typical metric to evaluate the
system performance. By the same token, for our considered
MMF based multicast system, we define the energy efficiency
by the ratio of minimum spectral efficiency over the trans-
mit power. The power consumption of an RF chain is set as
PRF = 300mW [27]. The power consumptions of a PS with
different resolutions are set as PPSC = 75mW for continu-
ous phase control, PPS3 = 60mW for a three-bit resolution
PS, PPS2 = 40mW for a two-bit resolution PS [27]. Finally,
the transmit power is fixed at P = 10dBW. From Fig. 7, we

Fig. 5. Minimum SNR versus the number of users K (P = 10 dBW,
Nt = 128).

Fig. 6. Minimum SNR versus the number of transmit antennas Nt
(P = 10 dBW, K = 3).

can observe that full-digital beamforming will have dramatic
energy efficiency degradation because the large number of RF
chains cause huge energy consumption. On the other hand, we
can see that PSs based analog beamforming enjoys significant
advantages in terms of energy efficiency, which is a preferable
choice for energy efficient mmWave multicast communication
systems.

In order to evaluate the performance of mmWave multicast
systems from a probabilistic perspective, we demonstrate the
cumulative distribution function (CDF) of the spectral effi-
ciency in Fig. 8. It can be observed from the simulation
curves that the most likely achievable spectral efficiency of
each user is between 6 and 7 bit/s/Hz when a 128-ULA
analog beamformer is applied, and thus the transmission
rate will be significantly improved by exploiting mmWave
communications.

B. Asymptotic Performance of Large-Scale mmWave
Multicast Systems

Next, we will demonstrate the asymptotic performance of
mmWave multicast communications with large-scale antenna
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Fig. 7. Energy efficiency versus the number of transmit antennas Nt
(P = 10 dBW, K = 3).

Fig. 8. CDF of the spectral efficiency (P = 10 dBW, Nt = 128, K = 3).

Fig. 9. Minimum SNR versus the transmit power P (Nt = 256, K = 3).

arrays. We should note here that mmWave communications
can enable larger number of antennas to be packed into a
small dimension, the number of transmit antennas considered

Fig. 10. Performance of asymptotically optimal beamformers with varying
transmit power P (Nt = 512, K = 3).

Fig. 11. Performance of asymptotically optimal beamformers with varying
transmit power P (Nt = 1024, K = 3).

in a normal scale mmWave systems is usually between 64 and
256 [25]. Therefore, we may roughly set 256 as a boundary
for small-scale and large-scale scenarios in this paper. In order
to illustrate the validity of the asymptotically optimal beam-
former, we show the MMF performance versus the transmit
power in Fig. 9, and the number of antennas is set as 256.
We can observe from Fig. 9 that the gap between the SDR
based full-digital beamformer (SDR-FD) and the asymptoti-
cally optimal case (ASY-FD) is really small, which validates
the optimality of the proposed schemes in Section IV.

Figs. 10 and 11 present the minimum SNR performance
of the proposed asymptotically optimal schemes introduced
in Section IV. The performance curves of the asymptoti-
cally optimal full-digital beamformer (ASY-FD), the proposed
asymptotically optimal analog beamformers with continuous
phase (ASY-C) and its lower bound (LB-C), as well as
quantized phase (ASY-Q) and its lower bound (LB-Q) are
respectively plotted. It can be observed that the performance
loss of the asymptotically optimal analog beamformer with
infinite resolution PSs comparing with the full-digital case is
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Fig. 12. Performance of asymptotically optimal beamformers with varying
number of antennas Nt (P = 10 dBW, K = 3).

Fig. 13. CDF of the asymptotic spectral efficiency (P = 10 dBW, Nt =
1024, K = 3).

generally no more than 6dB. In view of the hardware efficiency
of analog beamforming, this gap is acceptable for mmWave
multicast systems.

In Fig. 12, we show the minimum SNR versus the number
of transmit antennas Nt . We can observe that the mini-
mum SNR improves steadily with increasing number and
the growth rate is relatively slow in very large-scale antenna
array systems. Fig. 13 presents the CDF of the asymptoti-
cally optimal spectral efficiency as well as the performance
lower bounds of analog beamformers. It is shown that when
the transmit power is P = 10dBW, in more than 50% cases
the asymptotically optimal analog beamformer can achieve
at least 20 bit/s/Hz spectral efficiency for each user in a
1024-ULA mmWave multicast system. We can conclude that
the analog beamforming can potentially achieve transmission
rate of several gigabits per second for each user by exploit-
ing the large bandwidth at mmWave bands. Therefore, the
proposed efficient analog beamforming is able to simultane-
ously serve multiple users with satisfactory MMF conditions,

and becoming a promising approach for mmWave multicast
communications.

VI. CONCLUSION

This paper investigated the analog beamforming in single-
group mmWave multicast systems. We considered the MMF
problem and proposed an iterative analog beamformer design.
It was shown that our proposed analog beamformer with two-
bit resolution PSs can even outperform the SDR-based analog
beamforming with continuous phase, and the performance gap
between our proposed continuous phase based analog beam-
former and the full-digital case is no more than 4dB for a
3-user system. Furthermore, we also studied the asymptoti-
cally optimal beamformer design for single-group mmWave
multicast systems and derived the asymptotic performance
lower-bounds of the proposed analog beamformers. Simulation
results demonstrated that for a 3-user multicast system, the
performance loss of the asymptotically optimal analog beam-
former would be no more than 6dB, which is acceptable for
mmWave multicast systems.

APPENDIX A
PROOF OF PROPOSITION 1

Assume that φ�i is the optimal phase of the i-th element of
beamformer in (6) and gk (φ

�
i ), k = 1, . . . ,K , are the resulting

SNRs of all users. Let γ�i indicate the largest minimum SNR
in (6) which is given by the smallest value of gk (φ

�
i ) for

k = 1, . . . ,K , i.e., γ�i = min{gk (φ�i )}Kk=1. If φ�i 
= φk̃i , we

have γ�i 
= g
k̃
(φk̃i ) and γ�i > g

k̃
(φk̃i ). Moreover, since γ�i is

the minimum SNR at point φ�i , we have γ�i ≤ g
k̃
(φ�i ), then

g
k̃
(φk̃i ) < γ�i ≤ g

k̃
(φ�i ), which contradicts the fact that g

k̃
(φk̃i )

should be larger than g
k̃
(φ�i ) since φk̃i is the optimal condition

to the k̃ -user. Therefore, Proposition 1 is proved.

APPENDIX B
PROOF OF PROPOSITION 2

Given the optimal phase φ�i of the i-th element of ana-
log beamformer, the SNR values of all users at this point
are gk (φ

�
i ), k = 1, . . . ,K . If Proposition 2 is not true, then

the SNRs of all users are different with each other. Without
loss of generality, we assume γ�i = g1(φ

�
i ) < g2(φ

�
i ) <

. . . < gK (φ�i ), and the optimal minimum SNR γ�i is equal
to g1(φ

�
i ) under this situation. Note that each SNR function

gk (φi ), k = 1, . . . ,K , with period 2π has alternate wave peaks
and wave troughs, and g1(φi ) does not achieve its wave peak
at φ�i (otherwise is the condition discussed in Proposition 1).
If we adjust φ�i continuously to the improving direction of
function g1(φi ) until its SNR value just exceeds any SNR
of the other K − 1 users at one phase point, then they may
achieve the same SNR and the SNR functions of these users
may intersect with each other at this point. The new minimum
SNR is given by this intersection and is improved compared to
γ�i , which contradicts the assumption that γ�i = g1(φ

�
i ) is the

optimal minimum SNR. Therefore, Proposition 2 must hold
for the optimal phase φ�i .
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APPENDIX C
PROOF OF PROPOSITION 3

If we use the asymptotically optimal full-digital beamformer
shown in (15), the received signal at the k-th user has the
form of

yk = hHk fFD s + nk

=
√
P
√

Ntαkat (θk )

∑K
l=1 ξlat (θl )

β
s + nk

(a)≈
√
PNtαk ξk

β
s + nk

=

√
Eαk ξk
β

s + nk , (27)

where (a) is based on the fact that beam steerings with
different AoDs are asymptotically orthogonal to each other.
E � PNt is fixed and the power P is scaled with the number
of transmit antennas Nt .

Otherwise, if the beamformer does not have this form, then
it can be expressed as

fFD =

∑K
k=1 ξkat (θk ) +

∑Nt−K
m=1 μmgm

β′ , (28)

where {gm}Nt−K
m=1 is an orthonormal basis of the space

orthogonal to the space spanned by {at (θk )}Kk=1, β′ is the nor-
malization factor. Using this beamformer, the received signal
at the k-th user is

yk = hHk fFD s + nk

=
√
P
√

Ntαkat (θk )

(∑K
l=1 ξkat (θl ) +

∑Nt−K
m=1 μmgm

)

β′ s

+ nk

≈
√
PNtαk ξk

β′ s + nk

=

√
Eαk ξk
β′ s + nk . (29)

We can observe from the above expression that the signal
power of the k-th user is diminished compared to the con-
dition in (27). The reason is that the new normalization factor
β′ should satisfy β′ > β to keep the same norm because
there is an additional term in the numerator in (28). The addi-
tional term

∑Nt−K
m=1 gm will consume the transmit power, but

would not contribute to improving the strength of the desired
signal. Then, the beamformer can be reconstructed to obtain
the optimal beamformer by transforming the power caused by
this orthogonal component into generating useful directional
beam steerings, and the denominator β′ can achieve its small-
est value, which is equal to β. Therefore, (15) is proved to be
the asymptotically optimal beamformer.

APPENDIX D
PROOF OF LEMMA 1

The analog beamformer in (23) can be rewritten as

fRF (i) =

√
P

Nt

∑K
k=1 ξke

jπ(i−1) sin θk∣∣∣∑K
k=1 ξke

jπ(i−1) sin θk
∣∣∣
, i = 1, . . . ,Nt ,

(30)

in which the amplitude of each element is normalized to
√

P
Nt

.
Then, the asymptotically achievable SNR of the k-th user is
written as

lim
Nt→∞

SNRI−PS
k

= lim
Nt→∞

∣
∣hHk fRF

∣
∣2

σ2
k

= lim
Nt→∞

E |αk |2
σ2
k

∣
∣
∣
∣
∣
∣

Nt∑

i=1

e−jπ(i−1) sin θk
∑K

l=1 ξle
jπ(i−1) sin θl

Nt

∣
∣
∣
∑K

l=1 ξle
jπ(i−1) sin θl

∣
∣
∣

∣
∣
∣
∣
∣
∣

2

(a)

≥ lim
Nt→∞

E |αk |2
σ2
k

∣
∣
∣
∣
∣
∣

Nt∑

i=1

e−jπ(i−1) sin θk
∑K

l=1 ξle
jπ(i−1) sin θl

Nt

∣
∣
∣
∑K

l=1 ξl

∣
∣
∣

∣
∣
∣
∣
∣
∣

2

,

(31)

in which (a) can be obtained by the following inequation:
∣∣∣∣∣
K∑
l=1

ξle
jπ(i−1) sin θl

∣∣∣∣∣ ≤
∣∣∣∣∣
K∑
l=1

ξl

∣∣∣∣∣. (32)

Then, the last expression in (31) can be rewritten as (33),
which is shown at the top of the next page.

It is shown that each term
e−jπ(i−1) sin θk

∑K
u �=k ξue

jπ(i−1) sin θu is a complex
number with bounded modulus because θk , k = 1, . . . ,K , are
uniformly distributed in [− π

2 ,
π
2 ], and θk 
= θu for k 
= u, and

the summation
K∑

u �=k
ξue

jπ(i−1) sin θu is a random complex

number with bounded modulus. With i = 1, . . . ,Nt , the
phases of e−jπ(i−1) sin θk

∑K
u �=k ξue

jπ(i−1) sin θu are varying
from −π to π, and the summation of these complex numbers
with various phases will also have a bounded amplitude.
Hence, when Nt → ∞, the second term of the above equation
tends to zero, and the asymptotically achievable SNRk can
be represented as

lim
Nt→∞

SNRI−PS
k ≥ E |αk |2

σ2k

∣∣∣∣∣
ξk∑K
l=1 ξl

∣∣∣∣∣
2

=
E |αk |2ξ2k

σ2k

∣∣∣∑K
l=1 ξl

∣∣∣2
,

k = 1, . . . ,K .

Therefore, Lemma 1 is proved.

APPENDIX E
PROOF OF LEMMA 2

Let δi � ∠fFD (i) − ∠fRF (i), − 2π
2B+1 ≤ δi ≤ 2π

2B+1 ,
indicate the phase quantization error between the i-th ele-
ment of discrete phase analog beamformer and the optimal
unconstrained full-digital beamformer. The asymptotically
achievable SNR of the k-th user is represented as

lim
Nt→∞

SNRF−PS
k

= lim
Nt→∞

∣
∣hHk fRF

∣
∣2

σ2
k

= lim
Nt→∞

E |αk |2
σ2
k

∣
∣
∣
∣
∣
∣

Nt∑

i=1

e−jπ(i−1) sin θk

(
∑K

l=1 ξle
jπ(i−1) sin θl

)

ejδi

Nt

∣
∣
∣
∑K

l=1 ξle
jπ(i−1) sin θl

∣
∣
∣

∣
∣
∣
∣
∣
∣

2
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Then, similar to the derivation in (33), and given ej δi =
cos δi+j sin δi , (34) can be written as (35), which is presented
at the top of this page. (a) is hold based on the fact that
|X + Y | ≥ |X |. Since − 2π

2B+1 ≤ δi ≤ 2π
2B+1 , we have

cos δi ≥ cos( 2π
2B+1 ). Therefore, we can obtain
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in which (b) can be obtained following the similar method as
in Appendix D.
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